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ABSTRACT: We discuss a universality property of any covariant field theory in space-
time expanded around pp-wave backgrounds. According to this property the space-time
lagrangian density evaluated on a restricted set of field configurations, called universal
sector, turns out to be same around all the pp-waves, even off-shell, with same transverse
space and same profiles for the background scalars. In this paper we restrict our discussion
to tensorial fields only. In the context of bosonic string theory we consider on-shell pp-
waves and argue that universality requires the existence of a universal sector of world-sheet
operators whose correlation functions are insensitive to the pp-wave nature of the metric
and the background gauge flux. Such results can also be reproduced using the world-sheet
conformal field theory. We also study such pp-waves in non-polynomial closed string field
theory (CSFT). In particular, we argue that for an off-shell pp-wave ansatz with flat trans-
verse space and dilaton independent of transverse coordinates the field redefinition relating
the low energy effective field theory and CSFT with all the massive modes integrated out
is at most quadratic in fields. Because of this simplification it is expected that the off-shell
pp-waves can be identified on the two sides. Furthermore, given the massless pp-wave
field configurations, an iterative method for computing the higher massive modes using the
CSFT equations of motion has been discussed. All our bosonic string theory analyses can
be generalised to the common Neveu-Schwarz sector of superstrings.
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1. Introduction and summary

In a previous work [ we argued that string theory in the maximally supersymmetric
type IIB plane wave background with constant five-form Ramond-Ramond (RR) flux (RR
plane wave) [[] possesses a universality property. According to this property there exists a
universal sector of string configurations for which the classical space-time action evaluated
around the RR plane wave takes the same value as in flat space. The argument leading
to this property involved showing that the relevant light-cone world-sheet theory [B, f] has
certain properties that are required to hold in order for the universal sector to exist. By
looking at the other examples of pp-waves where string theory has been studied in light-
cone gauge, this universality property was then generalised to all the exact string solutions
of pp-wave type, hereafter called exact pp-waves, with the same profile for the dilaton.
The original motivation for this work was to study open string tachyon condensation [J]
in RR backgrounds. In fact, it was argued that the above universality property applied to
the D-brane worldvolume actions has the following indication: For every D-brane configu-
ration extending along the light-cone directions % in flat space there exists a corresponding



D-brane configuration in each of the relevant pp-waves. Moreover for unstable configura-
tions the tachyon potential is universal. The aforementioned correspondence is in the sense
that the tachyon solutions representing such D-branes in the worldvolume theory on an
unstable D-brane configuration are universal. This also implies the same D-brane descent
relations of flat space [f]] in case of the relevant D-branes in pp-waves.

The above argument is based on the classical theory in space-time and therefore un-
derstanding of the systematics of the string loop expansion in RR backgrounds seems

1 Assuming this reliability, if correct, the above results are non-

important in this case
trivial at least for the following reasons: The universality of tachyon potential is a new
result for an RR background which does not follow from the analysis of [ff]. Once we know
how to formulate open string field theory in an RR pp-wave, we have a prediction for the
tachyon potential. Moreover, the universal sector of D-branes contain non-BPS D-branes
which are difficult to study using a manifestly supersymmetric formalism [J—[1]]. The
open string boundary condition for the world-sheet fields that are space-time spinors were
found in [[(] to be bi-local in flat background. This boundary condition should have proper
generalisations to other relevant pp-waves?.

Although the arguments of [f[], which was designed to relate the space-time theory
and the light-cone world-sheet theory, showed the existence of a universal sector of string
configurations, its precise description was not found. It was also not clear whether string
theory plays any special role as long as the universality is concerned. The purpose of the
present paper is to go beyond the “light-cone argument” of [[l] and study the universality
property further with a fully covariant treatment. The results of this paper are summarised
below:

(i) We consider an arbitrary covariant field theory of tensorial fields in space-time and
define the universal sector of field configurations. We argue that the space-time
lagrangian density evaluated around a pp-wave background, even off-shell, with the
fluctuations restricted to the universal sector, is insensitive to the pp-wave nature of
the background metric and background fluxes.

(ii) Using the construction of bosonic non-polynomial closed string field theory
(CSFT) [iid, in an exact pp-wave given in terms of the relevant world-sheet
conformal field theory (CFT) we argue that universality requires the existence of
a universal sector of world-sheet operators whose correlation functions are insensitive
to the background gauge flux and the pp-wave nature of the background metric. Such
requirements can indeed be verified explicitly using the world-sheet CFT.

(iii) Using the equivalence between the low energy effective field theory (EFT) and CSFT
with all the higher massive modes integrated out, as formulated by Ghoshal and
Sen in [[[4], we describe a general method of identifying between the two sides the
off-shell pp-wave configurations with flat transverse space and dilaton independent

T thank Ashoke Sen for emphasising this point.
2This question wa studied in for the case of type IIB RR plane wave.



of the transverse coordinates. This method also includes an iterative procedure to
compute all the massive field configurations using their equations of motion.

Below we shall discuss these results in more detail following the same order.

A pp-wave [[§-[[7] admits a covariantly constant null Killing vector corresponding to
translation of a particular coordinate v (or 7). Generically an (N + 2)-dimensional pp-
wave can be obtained by attaching an N-dimensional euclidean space (called the transverse
space) parameterised by z! (I =1,2,---,N) with a two-dimensional space parameterised
by u (or ) and v such that the only non-zero component of the covariant metric tensor
with a v index is ., which is constant. In Brinkmann coordinates [[[J] the pp-wave
nature of the metric is manifested in the fact that the components gy, (u, z) and g, (u, )
are generically non-zero, but independent of v as required by the null Killing symmetry.
The background can also contain null gauge fluxes and scalars, all independent of v. The
universal sector of field configurations is obtained by restricting the number of covariant v
indices with respect to the number of covariant u indices of a generic tensorial fluctuation
in a certain way and not letting the fluctuation vary along v. By considering an arbitrary
covariant field theory in space-time we argue that the effects of the background fluxes
and the metric components §,, and §,; are erased inside the universal sector so that the
effective metric becomes:

ds’¢ = 2dudv + G1;(u, z)dx! dz” (1.1)

where g7y = G}J(u, x) is the transverse space metric which is also independent of v. This,
however, is not true for the background scalar fields. Since the vacuum expectation value of
a scalar field can be thought to determine the effective couplings of a theory, the universal
sector should be sensitive to that value. This gives the complete covariant description of
universality (for tensorial fields) as observed in [[[] in the context of light-cone gauge.

Given the above discussion, which directly concerns the space-time theory, we then
proceed to study its relevance to string theory from the world-sheet point of view. Our
discussion in the context of string theory will be restricted to bosonic strings which can
be generalised to the common Neveu-Schwarz (NS) sectors of superstring theories. In this
framework we deal with the world-sheet sigma model CF'T corresponding to an exact pp-
wave with dilaton independent of transverse coordinates [I§-RI]. A natural framework
where the above discussion of universality can be related to the world-sheet theory appears
to be the closed string field theory (CSFT). Using the connection between CFT and CSFT?3,
we identify a set of operators in the CFT, called the universal sector of operators, which
correspond to the universal sector of field configurations. We then argue that universality
requires the correlation functions involving only such operators to be insensitive to the
background gauge flux and the pp-wave nature of the background metric. More precisely,
such correlation functions are expressed in terms of those in the effective background ([[.1)
with both the gauge flux and dilaton switched off. We verify these relations explicitly using
the world-sheet theory.

3A CSFT is usually constructed with reference to a world-sheet CFT and it describes the space-time
theory expanded around the corresponding background.



Finally we study pp-waves with flat transverse space and dilaton independent of trans-
verse directions in CSFT. It was argued by Horowitz and Steif in [[[J] that certain more
restricted pp-waves which are solutions of the low energy effective field theory (EFT) are
also exact solutions in string theory to all orders in o/ expansion. By exploiting certain
special geometrical properties of the backgrounds it was argued that all the o/ corrections
to the EFT equations of motion drop off for these restricted pp-waves. This, however, is
not true for the generic pp-wave ansatz of our consideration as described at the beginning
of this paragraph. In this case one expects to receive corrections to all orders®. Certainly
computing these corrections to arbitrarily high order seems impossible from the point of
view of sigma model perturbation theory. Nevertheless, an encouraging feature is that all
such corrections to the equation of motion are quadratic in fields. Since in the context of
CSFT o does not play the role of a small expansion parameter, one may wonder if such
corrections can be computed using this framework. This, however, requires us to find the
precise relation between EFT and CSFT. This problem was formulated by Ghoshal and Sen
in [[[4], which we refer the reader to for the details. The basic idea behind this relationship
is that after integrating out all the massive modes of CSFT by using their equations of
motion one arrives at an effective field theory with the same massless dynamical degrees
of freedom as in EFT such that it is related to EFT through suitable field redefinition.
Although this field redefinition is quite complicated in general, once known, it provides us
with a map between the off-shell configurations of EFT and CSFT with all the massive
fields integrated out. We point out that a Horowitz-Steif type argument implies that for a
generic off-shell pp-wave ansatz with flat transverse space and dilaton independent of trans-
verse coordinates such field redefinitions simplify enormously to become at most quadratic
in fields. Given this expectation we then proceed to formulate a CSFT computation that
will enable us to find this field redefinition and therefore the off-shell map relating such
pp-waves in EFT and CSFT. Moreover, it turns out that all the aforementioned o/ correc-
tions to the equation of motion are invariant under this field redefinition and therefore can
be directly obtained from the relevant CSFT computation. This computation, however by
itself, does not enable us to find the massive modes on the CSFT side given the profiles of
the massless modes of EFT. To this end we discuss an iterative method of computing the
massive modes of CSFT using their equations of motion. Therefore the whole construction
enables us to find the CSFT solution for any exact pp-wave, given its form on the EFT
side, or equivalently, given the world-sheet sigma model CFT?.

It would be interesting to perform the relevant CSFT computations to realise the
above procedure explicitly and find the desired o’ corrections to the equation of motion.
It would also be interesting to study the universality property by including the space-time
spinors. Although we do not have a formulation of string field theory in RR backgrounds
the world-sheet counterpart of universality can perhaps still be studied using a manifestly
supersymmetric formalism such as pure spinor formalism [2J).

The rest of the paper is organised as follows: The general discussion of the universality

4Tt was argued in [@] that such corrections can give rise to new exact “stringy” solutions.
®See [@] for an earlier discussion on this topic.



property of an arbitrary space-time theory has been given in section . Its world-sheet
counterpart in the context of string theory is discussed in section . Our discussion of pp-
waves in CSFT has been given in section [l Several appendices contain various technical
details.

2. A universality in pp-waves

In this section we shall elaborate on the universality property of a space-time theory and
give its precise statement. We begin by discussing the generic form of the relevant back-
grounds. These are pp-waves which admit a covariantly constant null Killing symmetry.
The generic ansatz for an (N + 2)-dimensional pp-wave metric is given by [[[§[7],

ds? = 2dudv + K (u, z)du® + 241 (u, z)dudz’ + G (u, z)dz! dz’ . (2.1)
We shall use p = 0,1,---,N + 1 for the (N + 2)-dimensional vector indices with I =
1,2,---, N being the transverse space vector indices. The light-cone coordinates are u =
xt = %(wNH + 2% and v = 2~ = %(wNH —29%). K(u,z), Ar(u,z) and G7;(u,z) are

certain arbitrary smooth functions. As mentioned earlier, all these functions are indepen-
dent of v as a requirement of the null Killing symmetry generated by: (8%)“ In addition
to the metric the background may contain gauge field fluxes which are null and scalars,
all independent of v. For example, if the second rank anti-symmetric tensor® i)w and the
dilaton D are switched on then the non-zero components are given as follows:

Hury = Hrj(u,z) = 0rBy(u,x) — 8;Bi(u,z), D =o(u,x), (2.2)
where ]:Iw,p = a[ulA)l,p] = a“?;y,, + (9,,(3,,# + (9[,(;“,, is the gauge invariant flux. Hjj(u,x),
Bj(u,z) and ®(u,x) are certain arbitrary functions independent of v. lA)W can therefore be
chosen to have the following non-zero components:

bur = —Bi(u, ) . (2.3)

Notice that for arbitrary values of the functions appearing in egs. (R.1]) and (2.2) the
background is in general off-shell.

We shall now describe what we mean by a universal sector of field configurations with
a simple example. Let us consider a scalar field propagating in the background pp-wave
metric (B.]) with flat transverse space G7;(u,z) = 7. The lagrangian density is taken to
be,

L(¢) = /=g ¢0¢, (2.4)

where § = det §,,,. It takes the value —1 whenever g, is given by (R.1]) (with flat transverse
space) and the laplacian computed for such a metric is,

0= \/L_@L [\/—g gﬂ”ay] — 20,0, +(ATA; — K)02—9;A18,—2A419;0, + 0%, (2.5)
-9

SWe shall denote the metric, the second rank anti-symmetric tensor gauge field, its three-form field
strength and the dilaton of the low energy effective field theory of string theory by g.., buv, I:Im,p and D
respectively.



where the transverse laplacian is 63_ = 0'0;. Notice that all the terms in the lagrangian
density containing the functions K (u,x) and Aj(u,x), which make the background non-
trivially different from flat space, also contain derivatives with respect to v. It is therefore
immediately clear that the configurations ¢(u,z), independent of v, effectively see the
background to be flat. In other words, for all backgrounds in (B) with G7; = 6§,
L(¢(u,x)) is same and is equal to that computed in flat background. Therefore in the
present example the universal sector of field configurations is given by the set of all ¢(u, z).
Notice that by restricting field configurations to this sector we are mimicking the limit:
K — 0, A; — 0 and therefore universality holds even for off-shell backgrounds.

We shall now proceed to generalise the above discussion to any covariant space-time
field theory which includes fields of arbitrarily high integer spins and where all the space-
time fields are allowed to fluctuate. Let ),,..(v,u,x) be a tensor field of arbitrary rank
in a given theory. Denoting its background value for an off-shell pp-wave configuration by
U,...(u, z), we define the fluctuations x,...(v,u, z):

Yupe.(V, 0, 2) = Wy (U, ) + X (v, 0, ). (2.6)

We shall now use notations (v, u,x), ¥(u,z) and x(v,u,z) for the sets of all possible
fields 1,u...(v,u, x), their pp-wave background profiles and the corresponding fluctuations
respectively. If L(1(v, u, z)) denotes the covariant lagrangian density for the present theory,
then the lagrangian density for fluctuations:

E\Ij(x(v, u, ) = L(V(u,z) + x(v,u,x)), (2.7)

will generically depend on the background configuration ¥(u,z). But according to the
universality property there exists a restricted set of fluctuations xys(u,x) independent of
v such that,

Any covariant lagrangian density evaluated on xys(u,x) takes the same value
around all the pp-waves, even off-shell, with the same transverse space and
same profiles for the background scalars. (2.8)

ie. if U(u,z) and ¥ (u,x) are two arbitrary pp-wave backgrounds with same transverse
space metric G}J(u, x) and background scalars, then,

LY (xus(u,2)) = LY (xvs(u, ) . (2.9)

In particular, if ¥ corresponds to a flat transverse space with all the background scalars
set to zero (or a non-zero constant for the dilaton), then £ (xys(u,z)) will take the same
value as in flat space L1 (yps(u, z)).

We shall now specify what the universal sector xys(u,z) is. First “tensorially reduce”
a generic element X,..(v,u,x) of the set x(v,u,z) to the transverse space. It will be
decomposed into a set of fields X%/[I”(’%L)(v,u,x), where M, and M, are the numbers of
covariant v and w indices respectively. Then yyg(u,x) is given by the set of all possible

fields ng‘f;(’M“)(u, x), independent of v, such that M, > M,.

wos(u@) = {d et @) My = M, | (2.10)



Notice that the deformations of flat background that correspond to pp-wave back-
grounds (R.1), (B.2) themselves are contained in the universal sector. We prove the univer-
sality theorem (R.§) or eq. (R.9) for the tensorial fields in appendix [A].

Notice that while defining xys in (2.1() we did not commit to any specific form of the
space-time action. This automatically raises the question whether the universal sector is
invariant under field redefinition or not. If we have two sets of space-time fields x(v,u, x)
and (v, u,z) related by a field redefinition, then a generic element in x(v,u,z) can be
written as,

X (U, U, ) = frp.(x(v,u,)) , (2.11)

where the right hand side represents a generic field redefinition involving fields inside
X(v,u,z) and their derivatives. The question is if we restrict the fields on the right hand
side to be inside the universal sector xys(u,x) then whether the field on the left hand side
is necessarily inside yrrg(u,z) or not. We have argued in appendix [J that the answer is
indeed yes.

We shall end this section with some comments about the symmetries. Certainly the
isometries of the transverse space are preserved by the universal sector. But the Lorentz
transformation generated by L"Y, which is not a symmetry of any of the pp-wave back-
grounds, appears to be a symmetry of the universal sector (see also [fl]) when the transverse
space metric is independent of u. This transformation scales u and v equally in the op-
posite way and therefore scales the functions K (u,z) and Aj(u,z) while preserving the
pp-wave structure of the background. But since the universal sector is insensitive to such
components of the metric the transformation remains a symmetry within this sector”. The
Lorentz transformation generated by L does not preserve the pp-wave structure, though
it takes the universal sector to itself. The transformation generated by L*! preserves the
pp-wave structure, but it takes the universal sector to outside.

3. Universality on world-sheet

Our discussion in the previous section has been general and applicable to any covariant
field theory in space-time expanded around a pp-wave background. In this section we
shall study the universality property in the context of string theory from the world-sheet
point of view. In order to do so we shall consider exact pp-waves that are given by the
ansatz in (R.1]), (.2) with the further restriction that the transverse space is flat and the
background dilaton is independent of transverse directions:

Gty(u,x) =615, ®=d(u) . (3.1)

For the analysis in this section the transverse space will play the role of a spectator and
therefore any G}J(u, x) which corresponds to an on-shell background can be incorporated.
We restrict it to flat space merely to simplify our presentation.

"To see this more explicitly one notices that any term in the space-time lagrangian density evaluated
on the universal sector has equal number of u and v indices. This is simply because the effective metric
for such terms is 1y, on the (u,v)-plane. This term therefore must be invariant under equal and opposite
scaling along u and v directions.



Since the statement in (R.§) concerns a space-time field theory, a natural framework
to study its relevance to the world-sheet theory is string field theory. Indeed a string field
theory is usually constructed for an on-shell background given by the corresponding world-
sheet sigma model CFT. Using this connection here we shall derive certain world-sheet
properties that are required to hold in order for the universality theorem (B.§) to be valid.
In particular, we shall find that the correlation functions of a specific set of world-sheet
operators should be given in terms of those in flat background with both the gauge flux and
dilaton switched off. We shall verify these results explicitly using world-sheet techniques
in appendices [J and Dl

We begin by considering the bosonic non-polynomial CSFT action SPP [, [[3] around
an on-shell pp-wave background (2.1]), (2.9), (B.1),

P00 = Y0 (3.2
n=2

where k is the closed string coupling constant which is related to the constant part of the
background dilaton®. {x"}?P is a certain sphere correlation function in CFT,, & CFTy,
which involves n string fields . Here CFT,, and CFTy, denote the matter conformal
field theory corresponding to the pp-wave background and the background independent
(b,c) ghost CFT respectively. Among the {x"}’s, {x?} is special in the following sense:
It is given by a particular inner product (x, QPPx), as defined in [[J], where QPP is the
BRST charge corresponding to the pp-wave background. Therefore the matter part of the
relevant correlator involves the matter stress tensor (TPP(z),TPP(z)). The matter part of
any other {x"} for n > 2 involves only the matter part of the string field. According
to (B.§) the string field theory action Sp,(xvs) evaluated at a string field configuration
xus that is restricted to the universal sector must be same for all pp-waves with the same
dilaton profile in (B.1)) (having the transverse space already been chosen to be flat)?. Below
we shall derive the relevant sigma model correlators from this condition for the cases of
constant and non-constant dilaton separately.

3.1 Constant dilaton

Since the dilaton is constant and is taken to be same for all the backgrounds under con-
sideration, the overall coupling dependent factor in eq. (B.J) is same. Therefore in order
for (2-§) to be true we must have,

{XUs}? = (xpst™ (3-3)

8We follow the notations of [@] except for the following few differences: (1) we use the notation x for

the string field instead of W, (2) we have absorbed a factor of  inside the string field so that the coupling
constant appears only as a pre-factor in the action, (3) we are using an additional superscript pp or flat
on various notations to explicitly indicate the background. We have also removed the subscript 0 from the
notation {---}o in [B]

9Notice that both the statement (E) and its proof in appendix @ consider the space-time lagrangian
density while here, in the discussion of CSFT, we are considering the space-time action. This could make
a difference in case of the non-constant dilaton. But it will be explained in section @ (see footnote EI)
that this does not happen when the background dilaton depends only on w, as we are considering here, and
therefore our analysis with the action goes through. I thank Ashoke Sen for emphasising this point.



In order to derive the relevant CFT correlators as discussed above, let us first see what
it means to have the string field restricted to the universal sector in terms of CFT. The
string field can be thought of as a first quantised state in CFT),, ® CFT, satisfying certain
conditions (see [[[J] for the complete definition of the string field). This first quantised
state is expanded in terms of the basis in the relevant subspace of the matter-ghost Hilbert
space. Therefore every such basis state has a matter and a ghost operator associated with
it. The coefficients in this expansion turn out to play the role of the space-time fields.
Since the ghosts are background independent, the tensorial properties of these fields are
determined by the corresponding matter operators. Therefore the universal sector of field
configurations, defined in eq. (R.10), corresponds to restricting the matter operators to a

10 Below we shall

certain sub-sector which we call universal sector of matter operators
specify this sector explicitly. Satisfaction of eq. (B.3) for n > 2 will then imply that all
possible matter correlators involving operators only from the universal sector are universal
and same as that evaluated in flat background. As discussed above, for n = 2 there is an
extra source of background dependence through the stress tensor. However, we shall see
that eq. (B-J) is automatically satisfied for n = 2 once the aforementioned universality of
the relevant CFT correlators holds.

The world-sheet lagrangian density for the matter part takes the following form for

the relevant backgrounds:

LPP ~ QUOV + 0VOU + K (U, X)0UIU + A; (U, X)oUIX! + A (U, X)ox!oU
+0X;0X", (3.4)
where Ali = Ar+ Byand I =1,2,---,24. For an exact background this is a conformal

field theory with central charge 26. The universal sector of matter operators Opg, which
corresponds to the universal sector of field configurations given in eq. (R.10), is given by,

M, My My My
Ovs = [Tomv ] omu]]omv ][ o VOO (z,2)|My + Ma > M, + My ¢
i=1 i=1 j=1 j=1

(3.5)
where O(X) is an arbitrary operator in the transverse part of the CFT. In flat space these
operators are well defined whose correlators can be computed easily. Although it is difficult
to solve the relevant CF'T for an arbitrary exact pp-wave, as has already been explained,
the correlation functions of the operators inside Oy g are universal and should be same as
that evaluated in flat background,

(JT 0: (21,2077 = (][ Oi (21, 2:))",  for O; € Oy, Vi, (3.6)

where (- - )PP and (- - -)#2t denote matter correlators in pp-wave and flat background without
any flux respectively. We have derived eq. (B.6) using the world-sheet theory in appendix [J.

ONotice that all the ghost operators are universal anyway as the ghost sector is background independent.



We shall now show that the condition (B.f) is enough to guarantee the relation (B.3)
for n = 2. We first write,

e = st 4 Appe (3.7)

where, £12% ~ QUOV 4 0VOU + 0X;0X ' is the lagrangian density corresponding to the
flat background. Therefore the stress tensor and the BRST charge also take the similar
structure:

T(2)=T"(2)+ AT (2), T(z)=T"™(2)+AT?(2), QP=Q™+AQ™, (38)

where (T12¢(2), T82%(2)) and Q% denote the stress tensor components and the BRST
charge in the flat background. Notice that T8¢(2) and T12*(2) are contained in Opg. This
means (xys, @ xys)PP is universal. Therefore in order for eq. (B-3) to be true for n = 2
we need to have,

(xvs, AQxus)™ =0 . (3.9)

To see why this is right first notice that the only matter operators that appear in AQFP
are ATPP(z) and ATPP(z) as the BRST charge is linear in the energy-momentum tensor.
The next step is to argue that the operators ATPP(z) and ATPP(z) are contained in Opg.
This can be easily seen by Fourier expanding the functions K and A appearing in Ang
(o, 8= 0,1 referring to the standard (7,0) coordinates on the cylinder.),

1 ~ . U
- o — 50« u s k)e ' .
AT = (0aU0sU — 500p0,U07U | [ dk d*k K (ky, k)eruUTi-X 3.10

+ (0aU05 X" + 0a X" 03U — 6430, U0 XT) / dkud® e A (ky, k)eFaU+RX

where K (k,,k) and Aj(k,, k) are the Fourier transforms of K (u,z) and Aj(u, ) respec-
tively. Finally notice that any given term in these operators has no dependence on V' and
at least one (first order derivative of) U. Then using the flat space result that a correlator
involving the elements of Opg is nonzero only when the total numbers of U’s and V'’s (we
mean derivatives of them) are same, we arrive at eq. (B.9).

3.2 Non-constant dilaton

The situation is more complicated when the dilaton varies in space-time. In this case using
the general argument of appendix [A] one has the following form of the space-time action
evaluated on the universal sector:

SPP(xus) = % /dud24x e 22y (u, x) (3.11)

where V,, is the infinite volume resulting from the integration over v. ®(u) denotes the
background dilaton in (B.1) that appears in the world-sheet sigma model such that it does
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not include any constant part. This constant part is absorbed into x so that the effective

string coupling is: keg (1) = ke®™. U(u, x) is the universal contribution, implying that!!,

St (yprg) = % /dud24x U(u, ) . (3.12)

We shall now translate the requirement of universality as given by eqs. (B.11), (B.1J) into
condition on the CFT correlators. This will be done by an induction method and therefore
we begin by considering an example below.

Let us consider the graviton iLW in the string field expansion:

Ix) — /d%k: hy(k)erer (@ @2 + a” @™ )|k, (3.13)

where |k) o €% (0,0)|0), |0) being the SL(2,C) vacuum'?. This contributes to {¥2}1at 4
term of the following form (see, for example, [[4]):

B 5 d26$
/ d*kd*®p p*s(k + p)h* (k)R (p) = — / (2r)% R ()0, () (3.14)

where hy,, (z) and hy,, (k) are Fourier transform of each other. Restricting this term to the
universal sector one gets,

v
—W/dudmx [h“”(u,x)@ihw(u,x)]ljs , (3.15)
where [ - -|yg represents the quantity [---] with the field components restricted according

to (R.1(). Fourier transforming this universal term back to the momentum space one gets,

Vi 24 24 7.2 24> | Tn 7 uv 7 s
oo [[dpu'y [ dbud e {F 0, + k)P G+ B} [ b ()] (330)
In an arbitrary pp-wave background with background dilaton ®(u) the universal term

in (B.17) is supposed to be replaced by,

Vy
(27()26

(3.17)

/dud24x e~ 22 [h“"(u,x)@ihw(u,x)]ljs ,

Fourier transformation of this expression gives,

v 24 24 7.2 —
G /dpud p /dkud k{k N <I | dl(a)q)(l(a))> 5<pu +ky + E l(a))
a=1 a=1

N=0

5 <ﬁ+ E) } [W(pu,mﬁw(ku,ﬁ)} o 319

" Referring the reader to the issue raised in footnote E, we notice that considering the space-time action
instead of the lagrangian density could make a difference in the present case only if there were a term
in U which is a total derivative with respect to u. Such terms, however, are not allowed due to general
covariance. In fact, according to the general argument of appendix @, U(u, z) can involve only transverse
derivatives (see footnote @) This is also responsible for the fact that in the present case U (u, z) does not
have any dependence on the background dilaton.

12The CFT states |0) and |k) have been denoted by |1) and |1, k) respectively in .
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where ®(1) is the Fourier transform of ®(u). Comparing the factors kept in the curly
brackets in the expressions (B.1€) and (B.1§) we conclude that in presence of the non-trivial
dilaton the particular two point vertex changes in the following way:

. . ~ [e%) _9 N N N .
B20(p, )0 () — 2y 2 <H dl<a><1><Z<a>>>6<pu+ku+§jz(a))6< B). (319
N=0 a=1 a=1

Generalising this to an (n + 2)-point vertex one gets:

f(p, k, k<i>)5<pu +hit Y kfj>>524 <ﬁ+ E+) E@) (3.20)
=1 i=1
2N (T
— flp, k, kD) > N / <H dl(a)q)(l(a))>
N=0 a=1
n ‘ N . n .
6<pu k> kD + Zl(a)>624 <ﬁ+ k+) k(l)> ,
i=1 a=1 i=1

where it is understood that each of the momenta appearing in the argument of the fac-
tor f(p,k, k(i)) has zero covariant v component. Notice also that the above equation is
schematic in the sense that depending on the vertex f can carry space-time indices. For
the two-point vertex considered above f is a scalar as the gravitons are contracted between
each other. But there are terms where the gravitons are contracted with momenta. In
such cases f will carry the necessary indices. Since the vertex is computed from a CFT
correlator we conclude from the expression (B.2I) that a generic matter correlator that
appears in the computation of SPP(xyg) with a non-constant dilaton is given by,

n
) = o () D) 2 ) R
(1o |Ooue™ U+ FX(0,0)| <H O VR )-X<z@-,zi>> O™+ X (0, 0))21 ) =
i=1

o~ (27 T P i(eut SN L) U+ik.X
Z NI Hdl(a)q)(l(a)) (Io [Ooute uTZa=1%(e) : (0,0)] X
’ a=1

N=0

n
(D), ) ) R
« <H Oiezku U+ik( )'X(ZZ', 22)) OinelpuUJrzp.X(O, 0)>gfizto ,
i=1

for Ouut 7Oin s O; € Opyg ,Vi . (3.21)

where I is the inversion map: I(z) = 1/z. The correlator on the left side is computed in
CFT,p, where the background contains a non-constant dilaton ®(u). The correlators on the
right side are computed in CFTg,; with the dilaton set to zero. Notice that the right hand
side can be computed in any other relevant background with ® = 0 as the computation is
done in the universal sector. To check a simple consistency condition: if the left hand side
is computed in a background with constant dilaton ®(u) = ¢, then one sets ®(k) = ¢d(k)
on the right side. The result turns out to be e~2¢ times the same correlator computed with
®(u) = 0, which is expected. Notice also that eq. (B.21)) is claimed only for the universal
sector - generically the result will be complicated if we sprinkle around “non-universal”
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operators inside the correlator. The derivation of the result (B.21)) using path integral has
been presented in appendix [D.

Notice that the above argument is based on the universality of U(u, ) in the sense of
egs. (B-11)), (B.13) and we have not explicitly addressed the potential background depen-
dence of the CSFT quadratic term through the energy-momentum tensor as we did in the
case of constant dilaton. In presence of a non-trivial dilaton ®(u), the energy-momentum
tensor receives a correction [P4] of the following form in addition to that in eq. (B.1() over
its flat-space expression:

ApTY o 0a0®(U) — 60p0°®(U)
= (6450°U — 9,05U) / di 128 (1)e'Y (3.22)
This operator belongs to Opg and is independent of V. Therefore by the same argument
as given below eq. (B.10), a matter correlator involving A@ng and an arbitrary number

of operators inside Oy is zero in flat space with constant dilaton. Then using eq. (B.21)
we conclude,

(xus, A Q" XU )y =0, (3.23)

where AgQ@PP is the dilaton contribution to the BRST operator QPP which is linear in
A@ng. This shows that there is no dependence of the CSFT action on the background
dilaton inside the universal sector that might be introduced through the BRST operator.
This is consistent with the fact that U(u,z) is independent of the background dilaton, as
claimed in footnote [LT.

3.3 Generalisation to NSR superstrings

The above discussion in bosonic string theory can be generalised to the common NS sector of
the Neveu-Schwarz-Ramond (NSR) superstrings. Here we demonstrate this by considering
type II string theory. We have already discussed the bosonic sector of the world-sheet
theory. The fermionic sector of the world-sheet lagrangian density for an exact NS-NS
pp-wave takes the following form in conformal gauge,

Lo = LI + ALY, (3.24)
where the lagrangian density for flat background is,
LI~ 0pY + 9 0" + oy’ + ah., (3.25)
and,

ALY ~ [K(U, X)p"0y" + Ap(U, X) (" 0w" + ' 9p") )
+01(U, X)oU Y ! + Dry(U, X)0Up ! + Ery(U, X)dX "7 + a.h.]
+Pry (U, Xl + Qi (U, X) (@l o + g7y gnpl) - (3.26)
where Cr(u,x), Drj(u,z), Erj(u,x), Prj(u,z), Qrrx(u,z) are certain functions con-
structed out of Hyy(u,x) and derivatives of K (u,x) and Ar(u,z). a.h. in egs. (B.25), (B.24)
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are obtained by replacing: 1 — 1, 0 — 0 and H;; — —Hy;. In this case we consider the
space-time tensors coming from the NS-NS sector states. The space-time indices on these
fields come from both world-sheet bosons and fermions in the matter sector. Following
eq. (R.10) one finds that the universal sector of matter operators is given by,

O(IJIS = {OB(ME’MaB?Mfg’Mz?)OF(Mf’MgaMf’MTf”MJr > M*} ’ (3'27)

where the bosonic part OB (MEP MB MB MPB) is given by the same operator as that ap-
pears inside the curly bracket in eq. (B.F), the only differences being that the dimensionality
of the transverse space is now &, instead of 24 and a change in notation where we have
added a superscript B to various numbers M, etc. appearing in eq. (@) The fermionic
part is given by,

ME MFE MF MF
of (Ml ME, mE, ME) =T oo [[ o™ [[ o™ [[ 0754 0% (i,91)(2, 2),
i=1 i=1 j=1 j=1
(3.28)
where OF (11,11 ) is an arbitrary operator constructed out of the transverse ! and !

The numbers M. appearing in eq. (B.27) are defined as follows:

M+:ME+MF7 Mf:Mf—i_Mfa Mf:M5+M57
M_=MB+MF, MPB=MP+MEB, ME=ME+ M, (3.29)

The general arguments leading to the conditions on the correlation functions in the bosonic
case, namely eq. (B.6) for constant dilaton and eq. (B.21]) for non-constant background
dilaton, remain the same. Therefore the analogues of those those conditions are given by
the same equations, i.e. (B.4) and (B.21)) with the universal sector of operators now given
as in eq. (B.27). For constant dilaton the world-sheet derivation of this condition has been
given in appendix|d. For non-constant dilaton it goes through in the same way as discussed
in appendix [ for the bosonic case as any non-triviality of this analysis involves only the
bosonic sector of the world-sheet theory.

4. pp-waves in closed string field theory

It was shown in [[J] that there is a large class of pp-waves that are exact solutions in string
theory to all orders in o/ corrections. For such solutions Hy; in eq. (2.3) and

FU(u,x) = 3[AJ(U,.%’) — 3JA[(U,.%’) 5 (4.1)

are taken to be functions of only v and therefore are more restricted than what we have
considered in (2:1), (B-9), (B-T). With this restricted ansatz all the o’ corrections to the low
energy effective field theory (EFT) equations of motion are zero. As we shall briefly review
below, this is not true for our more general ansatz. In fact, in our case such unknown
corrections are, in principle, non-zero at arbitrary higher orders.

In this section we shall discuss a general method of identifying an off-shell pp-wave
background of EFT in CSFT with all the massive modes integrated out by their equations
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of motion. The off-shell ansatz that we consider is given on the EFT side by egs. (B.1),
(R.9) and (B.1)). In general such an exact identification (certainly up to field redefinition)
of off-shell field configurations is difficult to do in practice. This is because the field
redefinition between EFT and CSF'T with all the massive modes integrated out is in general
complicated. We shall argue that for the off-shell pp-wave ansatz that we are considering
here this field redefinition is at most quadratic in fields and therefore can be found with
limited computations. In this work we shall not perform any explicit CSFT computation,
rather we shall formulate the problem in principle and indicate how the explicit construction
can be done by computing a set of cubic terms in the action (B.9). Our analysis will indicate
that all the o/ corrections to the equations of motion discussed above, which will be shown
to be invariant under the relevant field redefinition, can be computed using CSFT. We shall
also outline an iterative method of computing the massive modes using the CSF'T equations
of motion in terms of the functions K (u, z), Ar(u,x), Br(u,z) and ®(u) characterising the
background on the EFT side. Whenever these functions correspond to an exact CF'T on the
world-sheet our iterative procedure gives the corresponding CSFT solution. For definiteness
we shall consider the non-polynomial bosonic CSFT action (B.9) constructed around the
flat space. But it should be possible to generalise the basic method to incorporate the
common NS sectors of superstrings.

Since we shall not perform any explicit CSFT computation, our construction, as indi-
cated above, will be based on the expectation that EFT and CSFT with all the massive
modes integrated out are physically equivalent. The connection between these two theories
is as follows: Integrating out all the massive fields in CSFT by satisfying their equations
of motion one arrives at an effective field theory involving the same massless field content
as in EFT. There could be certain additional unphysical fields which can be eliminated
away algebraically. The dynamical fields of the two theories and their off-shell gauge trans-
formations should be related by suitable field redefinitions. Once this field redefinition is
completely known any off-shell field configuration in one of the two theories can be iden-
tified in the other. This field redefinition was found at the linearised level in [[[4], which
we refer the reader to for the detailed formulation of the above connection. Below we first
briefly review the off-shell pp-wave ansatz and the relevant equations of motion on the EFT
side and then discuss our construction in CSFT in section [.2.

4.1 Effective field theory

The field content of the EFT includes the metric g, = 7, + iLW, the dilaton D and
the second rank antisymmetric tensor gauge field B;w whose three-form field strength is

H uwp = by, The action is given by,

S x /dudvd24x L,
. R R 1 . R
L=+/—ge?P [R(g) +40,Do"D — EHW,,H“”” + 0|, (4.2)

where the proportionality constant in the action is left arbitrary as a freedom of adding a
constant piece to D. The action receives corrections at arbitrary higher order in o/. The
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non-zero components of the off-shell background that we are interested in are given by,

~ ~ ~ A

huw = K(u,x),  hyr = Ap(u,z), by =—Br(u,z), D =®(u). (4.3)

The theory possesses gauge symmetries under general coordinate transformations and anti-
symmetric tensor gauge transformations. The off-shell ansatz in ([.) is not gauge invariant
and therefore has been written by fixing some of the gauge symmetries. Some amount of
residual gauge symmetry is still present which preserve the above ansatz. This has been
discussed in appendix [H.

All the o corrections in ([£.9) are not identically zero for the generic ansatz ({.3). The
equations of motion reduce to the following form:

o'Fr; =0,
o'Hr; =0,
1 1 1
GO K —0,0" Ar— L (Fiy F" + Hyy H'Y) +20,0 + —Co <\/J(9LF, WOLH) =0, (44)
(6%

where Fr; and Hyy have been defined in eqgs. (1)) and (R-9) respectively. The last equation
generically receives o/ corrections to all orders. All such corrections, collectively given by
the term Cs <\/§3LF, \/JalH>, are quadratic in Fry and/or H;s, but contain arbitrary
higher powers of transverse derivatives [P0, [7]. In a special case where both Fj; and H;;
are independent of the transverse coordinates [[1d]:

Fry=Frj(u), Hpj=H;(u), (4.5)

all such corrections drop off. Notice that the last equation in ([l.4) is invariant under adding
a purely u dependent function to K(u,x): K(u,x) — K(u,z)+ f(u). The fact that the
equations ([l.4) are at most quadratic in fields will be crucial in our following discussion on

CSFT.

4.2 Closed string field theory

As mentioned earlier, here we shall formulate the problem of identifying the off-shell pp-
wave configuration ([I.J) in CSFT. We denote the set of dynamical fields of CSFT by
X = {9uw = M + huws bpw, D, Xmassive s Where Xmassive 18 the set of (infinite number of)
massive fields. After integrating out the full set xmassive ONE arrives at a low energy effective
field theory containing only g, b, D and certain additional non-dynamical fields that
can be eliminated away algebraically. See [[4] for the details of the procedure. The field
redefinition that relates these dynamical fields and that of EFT takes the following form:

h,u,l/(”’ u? ﬂf) = Z’L,LU/(/U7 u? ﬂf) + f[fy(ﬁpa’aApr'a ap : ) 9
bw(v,U,x) = bw,(v,u,x) + fzu( poabpo,apD),
0uD(v,u,x) = 0,D(v,u,x) + f,?(hpo, bpo, 0pD) , (4.6)

where in the last equation derivative of the dilaton has been considered in order to make the
equation insensitive to a constant shift which was also left unfixed while writing down the
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EFT action in ({.J). It was shown in [[I4] that at the linearised level the field redefinition
takes the form of the above equations with all the f-fields set to zero. Therefore all such
fields are necessarily at higher orders in the hatted fields. Notice that we have also used
the well-known fact that the dilaton always appears with derivatives in these fields. We
have argued in appendix [H that for a generic off-shell pp-wave background ({.3) the only

~ ~

non-vanishing f function is the component fgu(ﬁ b,o, D) which takes the following form:

po s
f{}u(huu = Ka Bu[ = Ala i)ul = _BI, auﬁ = auq)) = ’C2(AI, B[, auq)) ) (47)

where Ky(Ay, By, 0,®) is an undetermined scalar on the transverse space which is second
order in the fields Ay, By and ® but may contain transverse derivatives of arbitrarily high
order. Notice that such transverse derivatives can not act on ®. Therefore, by the similar
argument as in appendix [, the dilaton dependence is restricted only to the following
type of additive terms: 0,90,®, 9,90’ A; and 0,90’ By, where arbitrarily high powers of
transverse laplacian are allowed to act on &' A; and/or &/ B;. This implies,

hyw = K + Ko, huI:AI, bur=—-Br, D=9, (48)
where the dilaton is identified up to an additive constant. Given these equations we shall
now onwards work with the variables h,,, A7, B; and ® on the CSFT side. One would
therefore expect the CSFT equations of motion to include the first two equations in ([L.4)
in the same form and the last equation in the following form:

gl(huuaAlaau(I)) +52(AI7Blaau(I>) = 07 (49)
where,
1o I 2
51 (huu, A[, 3U‘I>) = §8J_huu — 3u8 A[ + 23UCI) ,
1 1
Ex(Ar, Br, 0u®) = =501 Ko(Ar, Br, 0,@) — L (Fry P! + Hy HY)

+$CQ(\/J@F, Voo, H), (4.10)

are the terms which are linear and quadratic in fields respectively.

We shall now try to understand how the first two equations in ([£4) and eq. ({£.9) are
realised in CSF'T. The CSF'T equation of motion is given by,

|
Q)+ XM =0, (4.11)
N=2

where Q = Q1. The string field |x) is expanded in terms of ghost number two states with
certain properties in the combined matter-ghost conformal field theory. The fields Ay,
hur, byr and D, as given by egs. ([.§), appear in the coefficients of these states in such an
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expansion. In particular, following [14] we may write for the massless component:

1 L . - . . .
) massless = -7 /dk:udk: [huu(ku,k)ailail n {Aj(ku,k) _ z‘BI(ku,k)} ot al

n {A[(ku, k) + iBr(ka, /2)} 0/_16/11] c161 |k, B) (4.12)
3 /

+/dku [\/Eé(ku)(qc,l—alal) + Valky® (k) (cra® ) — 1)] k) |

dkudk kf Ar(k, £) —zBI(ku,k)}co c10 |k, k)

dkudk k! {/L(k:u,k:) —|—zBI(ku,k)} cdera [k, B)

where huyy(ky, k), Ar(ku, k), Br(ky,k) and ®(k,) are the Fourier transforms of hyy(u, z),
Ar(u, ), Br(u,z) and ®(u) respectively. cq = %(CO +¢). The first two equations in ([.4)
and the linear part in ([.9) should therefore be obtained from the first term in eq. ({.11).
Indeed these parts can be shown to be obtained from the massless quadratic part of the
action (B.J) which was computed in [[[4]. In particular, & (huy, Ar, 0,®) in eq. (R.9) is
contributed by the following term (computed in [[4]), in the quadratic lagrangian density
(up to a constant pre-factor):

1 1 1
582%—auaﬂhy,ﬁiaﬂayhpp—aﬂayp} — Ry kaihw—auam[—agcb , (4.13)

where in the second step we have restricted the fields inside square brackets according to
our ansatz in ([£3). Notice that the term computed is outside the universal sector as it
contains the component h,,. Generically, a higher rank equation of motion,

E, (universal sector) =0, (4.14)

(where the subscript * indicates that the expression has covariant tensor indices) for the
fields inside universal sector can not carry covariant v indices. If x includes covariant u
indices then there exists a non-universal field varying which the equation of motion ({.14)
is supposed to be obtained. Therefore to get such an equation of motion one needs to
compute all the terms in the action that are linear in the relevant non-universal field'3. In

13This, however, is not true if the expression on the left hand side of ( is a scalar. In fact, for any
scalar field solution T'(x) that depends entirely on the transverse directions, the relevant equation of motion
can be obtained without computing any non-universal term in the action. This is why such solutions are
universal. In the context of the worldvolume theory on an unstable D-brane configuration in a pp-wave
background with constant dilaton this argument was applied in @] to certain tachyon solutions representing
lower dimensional D-branes. Gravity solutions, on the other hand, are not generically universal because
of the requirement of computing non-universal terms in the action. Pp-waves themselves are examples of
this. Although these solutions belong to the universal sector, the solutions themselves are not generically
universal. Universality of a given pp-wave solution P implies that it can be realised as a solution in all
the pp-wave backgrounds in a given universality class (a universality class is the set of all pp-waves for
which the universality theorem (@) holds and therefore can be characterised by the transverse space and
the profiles for the background scalars). This in turn implies that P can be superposed with any solution
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the context of (.13) the relevant non-universal field is h,, and therefore to get the full form
of the relevant equation of motion one needs to compute all the terms in the action (B.9)
(for flat background) that are linear in hy,. Fortunately, from ({.9), ({.10) it is clear that
such terms must be at most cubic in order. Since the quadratic terms have already been
computed in [[[4], to complete the task one needs to compute only the cubic terms in the
lagrangian density which should be given by (up to a constant pre-factor):

By (u, 2)E3 (A (u, ), Br(u, z), 0, ®(u)) . (4.15)

From this computation one should be able to obtain all the o corrections to the EFT
equation of motion given by Cg(\/a OLF, Vo' H ). Also notice that the presence of an
additive term 0,90, ® in Kqo(As, Br,0,P) can not be concluded from this computation.
Since it is a purely u dependent term, the equation of motion is insensitive to adding such
a term as explained below eq. ([.5). With this we conclude our discussion of formulating
the problem of identifying the off-shell massless pp-wave configurations of EFT in CSFT.

We shall now discuss how to compute the massive fields in CSF'T once the massless
components are given in terms of the functions K (u,x), Ar(u,z), Br(u,x) and ®(u) fol-
lowing eqs. ({.§). From the above discussion we have concluded:

’XN>massless - 07 VN > 27 (416)

and

OFr;=0, 0'H;;j=0,

4.17
E1(hyu, A1, ®) + E2(Ar, Br, 0,2) =0, (4.17)

Q|X>massless + %|X2>massless =0 = {
where ]XN Jmassless denotes the massless component of \XN ). For reasons to be clarified
shortly, let us denote the massless component in ({13) by [x(1)). Then notice that the
massive part of | X%1)> can still be non-zero. This switches on higher massive modes through
the equation of motion (f.11)). Therefore the coefficients of all such higher massive states
in |x) must be higher order in the functions appearing in eqgs. (.§). To compute such
coeflicients we first expand it according to the degree of order at which those functions

appear,

0 = X)) (4.18)
n=1

where | X(n)> is the component of the string field whose expansion involves coefficients that
are only n-th order in these functions. For example, ‘X(1)> = |X)massless 10 eq. ({.19) is
linear. Subtracting the string field equation in (f.17) from ({.11]) we get,

[e.e]

1 & S R 1
> <Q|X(n)> +IX@xm) + 5 > |X(n)X(m)>> +) ﬁKZ X)) + 518@) =0,
n=2 m=2 N=3" " n=1
(4.19)

representing a pp-wave belonging to this universality class. This is not true in general as the last equation
in (@) is not linear. Whenever the quadratic piece drops off for a given pp-wave, the solution is universal
and can be superposed with any other pp-wave solution. Nevertheless it is generically true that given two
arbitrary pp-waves, a third one can always be found. But the sum rule is not simple superposition, rather
more complicated when the quadratic terms are non-zero.
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where

|A(2)> = |X%1)> - |X%1)>massless . (420)

To solve eq. (i.19) iteratively we introduce a parameter 3 to count the order of fields,

o0 1 o0
> <B”Q|X(n)> + 8" Xy X)) + 3 > ﬁ"+m|X(n)X(m)>> (4.21)

n=2 m=2
SO 1
+> ﬁ!(Zﬁ X)) +ﬁ2§!A(2)> =0,
N=3" n=1

We shall now show that equating the coefficient of each power of 3 to zero gives us a well
defined iterative procedure to construct the full solution. Equating the coefficient of 32 to

zero one gets,

1
Qlx@) +51A@) =0. (4.22)

At the third order one finds,

1
Qlx@3)) + IxmXx@) + §|X?1)> =0. (4.23)

At the N-th order (N > 4) the equation turns out to be,

N-2
1
Qlxvy) + Ixayxv-1)) + B Z IX ()X (N=n)) (4.24)
n=2

N n 1 B
DD T = X X X)) = 0,
n=3

r=0mni,ng, - ,np>2
1,12, Nr =2 :zlni_T,:N_n

where the summations in the parenthesis in the second line are constrained. The constraint
is also shown in the subscript to that parenthesis. Since ‘X(1)> is known, one can use
eq. (.20) to compute |A(z)) which can, in turn, be used in eq. (£23) to compute [x(2))-
The standard way is to fix a gauge for the massive fields so that ) can be inverted to
solve eq. (.29). Once |x(2)) is known it can be used along with |x(1)) in eq. (f:23) to solve
IX(3))- In order to establish that this iterative method continues to hold one needs to show
that to find the solution at the N-th order, namely |y y)) using eq. ({24) the knowledge
for |x(n+1)) is not required. This can be easily verified by investigating eq. (#.24). For
example, at N = 4 one gets,

1
X)) =0 (4.25)

1
Qlx @) + xayx@) + Ixfy) + §|X%1)X(z)> +

Notice that this iterative method is different from a small parameter expansion. In the
latter case at every stage of the iteration an equation is solved approximately by neglecting
terms of higher order. In our method an equation at a given stage of the iteration is solved
exactly.
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A. A proof of universality

Here we shall explain our argument for why the universality theorem in (P.§) holds in the
pp-wave backgrounds as described in eqs. (R.1)) and (R.2). In this argument we shall be
concerned only with the tensor fields in space-time for which the universal sector is given
in eq. (B.10). In order to proceed with the argument we shall first demonstrate this with a
particular form of the space-time action, namely the low energy effective field theory action
for massless fields in bosonic string theory which has all the essential features relevant to
our discussion. Later we shall generalise the argument to an arbitrary covariant action.
Therefore we start with the action in (f.3) for the metric, the second rank anti-
symmetric tensor gauge field and dilaton. We first expand the fields around the back-

ground (), (R.9),

guu:Guy‘i‘iL;u/a BMV:BMV+éMV7 B:(I)"i_(ia (Al)
where G, By, and ® are the background fields in egs. (2.1)), (B.3) and (R.3) respectively.
Therefore ¥ (u, ) and x (v, u, z), as defined below eq. (R.4), are the sets of these background

fields and the hatted fields that appear as fluctuations in the above equations in the present
context. The universal sector defined in eq. (2.10) is therefore given by,

s z) = {huu(u,x), huw(u, )y hyr(u, ), hry(u,x), } . (A.2)

~

éuv(u7x)7 eu](u7x)7 é]J(U,I'), ¢(u7x)

The lagrangian density in ({.J), once computed by restricting the fluctuations to the uni-
versal sector, takes the following form:

L=e WDy (u, ), (A.3)
where U(u, z) is a sum of terms of the following generic form:

Uu,z) — /—G(u,x) GM"GF22 - G ] o o pinin

_ /Gi(u,x) GmviGr2ve Gunun[. . ']ulumgl@mun% , (A_4)
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where G(u,z) = det G, and G*(u,r) = det GILJ. In general the quantity inside the square
bracket contains the following three types of objects:

(i) derivatives - some of which may act on the background inverse metric pre-factors,
(i) background fields in (2.1)), (.9), (R.3) and
(iii) fluctuations in ([A.9).

To establish (R.§) or eq. (2.9) we shall now argue that (u,x) is universal among all the
pp-wave backgrounds with the same transverse space metric G}J(u,x) and background
dilaton ®(u, ). It is clear from equations (A.4) that this will be true if the following
quantity is universal,

U(uv x) = GG . Gl [ ' ']M1V1M2V2---unVn . (A'5)

In order to establish universality of U(u,x) we first tensorially reduce [- - ],,... to the trans-
verse space to get a set of tensors in the transverse space,

MU7M1L
Qe = { LD (A.6)
where M, and M, are the number of covariant v and w indices in [- -] uv--- respectively.
Since none of the fields appearing in the expression of [- - ]%“KM“ depends on v, all the M,

number of v indices are coming purely from fields and not from derivatives. Moreover since
all the fields (both the backgrounds and fluctuations) are in the universal sector (R.10]) we
must have: M, > M, on the right hand side of (A.f). But [ ]%’JI’(M“ with M, > M,
can not appear in U(u, z) in eq. (A.§) simply because the only non-zero components of the
background inverse metric are:

GHW _, uv , GvY ’le , GJ_IJ ) (A?)
Therefore we must have:
M, =M, (A.8)

in all terms on the right hand side of eq. ([A-§). This is precisely the kind of contraction
that erases the pp-wave structure of the metric background so that effectively it becomes,

foidw“dw” = 2dudv + G5 (u, x)dz!dz” (A.9)

which is simply the flat Minkowski space when G7;(u,z) = 6.

The above argument shows that the functions K (u,x) and Ay(u, ) in the background
metric (R.I) do not appear in U(u,z). We shall now show that the functions Br(u,z) in
the background flux (R.9) also do not appear in U(u,z). In order to do so we first notice
that the facts that [---],,.. does not contain any derivative with respect to v, contains
fields only in the universal sector together with eq. (A.§) imply that every individual field
appearing in [ --],,... contains equal number of covariant u and v indices. For any gauge
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invariant background flux which is null, such as the one in (.2), such components are zero.
Therefore the functions By(u,z) do not appear in U(u, x).

Notice that the transverse derivatives'? of the background dilaton ®(u,z) do appear
in [-+]u.... Because of this and the exponential pre-factor in eq. (A.3) we need to have
the same dilaton profile for all those pp-wave backgrounds for which the universality of the
space-time action is supposed to hold.

We can now generalise the above argument to incorporate an arbitrary covariant action
in space-time. In this case any generic term in the lagrangian density, once computed on
the universal sector after expanding around a generic pp-wave background, will take the
following form:

Larvit = V ({®(u, 2)}) U(u, ), (A.10)

where {®(u,x)} is the set of all the scalar fields in the theory at their background values
and V ({¢}) is a multi-scalar potential depending on the term chosen and the theory.
U(u,z) takes the same form as in eq. (A.4) except that now it contains tensor fields with
arbitrarily high spins, which doe not have any effect on our argument above. Therefore
the conclusion will be that the above term is computed to be same in all the backgrounds
with the same transverse space and the same profiles {®(u, x)} for the background scalars.
This establishes the universality theorem in (2.§) for the tensor fields.

B. Closure of universal sector under field redefinition

Here we shall argue that an arbitrary field redefinition takes the universal sector to itself.
Referring the reader to the discussion around eq. (B-11) we would, therefore, like to show
that,

)A(;w---(ua x) = f/.tl/-"(XUS(u? x)) € XUS(U’ x) ) (B'l)

where xps(u,z) is defined in (R.10). After tensorially reducing to the transverse space a
generic term in fy,...(xus(u, z)) takes the following form:
Nu,Ny; Muy, My

fu-Ocwrs () = Fiie MM ) (B.2)

where N, (N,) is the number of covariant u (v) indices that are free while M,, (M,) is the

same that are contracted. Notice that all the (N, + M,) number of covariant v indices,

irrespective of whether they are contracted or not, should be purely field indices. Since

all the fields that appear are in the universal sector, the total number of u indices coming
from such fields and possibly additional derivatives must satisfy,

N, + M, > N, + M, . (B.3)

MEquation (@) and the restriction of field configurations to the universal sector imply that all the M,
number of covariant u indices are also purely field indices so that all the derivatives that appear in U(u, )
are along the transverse directions.
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On the other hand the total number of contracted covariant w and v indices, namely
(M, + M,), should be same as the total number of contravariant u and v indices coming
from the factors of the background inverse-metric. Since the only non-zero components of
background inverse-metric are as given in ([A.7) we must have,

M, > M, . (B.4)
Equations (B.3) and (B.4) imply,
N, > N,, (B.5)

which in tern implies (B.T)).

C. Correlators in constant dilaton

Here we shall argue that the matter correlation functions involving only the operators
defined in eq. (B.5)) are universal in all the exact pp-wave backgrounds with constant dilaton.
In particular, we shall show that eq. (B.§) is correct. The correlator on the left hand side
of eq. (B.G) can be obtained from a correlator of the following form:

M., My

(JJo™ Uz Hasz (%) Hanﬂv Hanjv H ePRY (wy,, 0y )O(X))PP

i=1 j=1 k=1
such that M, + Mz > M, + M;, (C.1)

where @(X ) is an arbitrary operator in the flat transverse part of the CFT. Below we shall
argue that the correlator in ([C.1)) is computed to be same as in flat background. In order
to do so we first separate the world-sheet lagrangian density in (B.4) into £t and ALrp
as indicated in eq. (B.7). Then we treat £t exactly and ALPP as interaction. This gives
the following relation between the correlators in pp-wave and flat background:

()PP = (.. \fat (o flat (C.2)
where the second term on the right hand side is a correction term given by,
(et = i (_1)N<"'(AS””[U X))yt (C.3)
¢ ke N! ’ ’ ’
=1

ASPP[U, X] being the part of the world-sheet action in pp-wave corresponding to the la-
grangian density ALPP in eq. (B.7). This contains integrated operators involving K (U, X)
and AT (U, X). In order to compute (- --)12* we Fourier expand such functions and finally
compute the correlators on the right hand side of (C.J) in flat background. For example,
the first term of the infinite expansion is proportional to,

/ dkydk / 222 [ (ko B) (- QUL U ()t o
+A}F(k’m E)< o 8U(§Xleik“U+iE~f(Z’ 2)>ﬂat

+AI_ (ku7 ];;)< t aXléUeikuU+iE'f(Z7 2)>ﬂat ’
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where K (ky,k) and A (ky, k) are the Fourier transforms of K (U, X) and AE(U, X) re-
spectively. Since all the correlators are computed in flat background an U can only be
contracted with a V. The fact that none of the operators in ([C.) and in ASPP[U, X]
involve momenta along V implies, in turn, that all the U-derivatives'® have to be con-
tracted with V-derivatives in order to produce a non-zero result. Since the total number
of U-derivatives appearing in ([C.J]) is always greater than or equal to that of V-derivatives
and the higher N-rems in (C.J) introduce increasing number of U-derivatives and no V-
derivatives, all the correction terms given in (IC.3) are zero for the correlators in ([C.1).
Therefore such correlators are computed to be same as in flat background. An equivalent
path integral argument, which is more cumbersome, can also be constructed leading to the
same conclusion. This establishes eq. (B.6).

We shall now generalise the above argument for the NS-NS sector of type II superstrings
as considered in section B.J. In particular, we shall argue that the same condition as in
eq. (B-G) holds for the operators given in eq. (B.27). In this case the relevant correlators
can be obtained from a correlator of the following form:

(DU [DVIMZ [Dy M5 Dy M= OF(X)OF (1, b1) [[ 77y,
k

such that MP + MY > MP + MF (C.5)

where we use schematic notations: [DU]Mf represents a product of M f number of op-
erators of the form 0"U(z) or 0™U (w), [Di/J“]Mf represents a product of M¥ number of

operators of the form 9"¢%(z) or ™% (w) and similarly for [DV]M*B and [D?,Z)”]Mf re-
spectively. @F(wl,iﬁl) is a fermionic analogue of @F(X) appearing in eq. ([C.]), namely
an arbitrary operator constructed out of the transverse ¢! and ¢!. Just like in (C1), all
the operators in ([C.]) are understood to be inserted at different points on the complex
plane. In order to see why the correlator in [C.J should be same as that computed in flat
background when the condition on the numbers M£ and M, as shown in eq. (C.3), is sat-
isfied, we first notice that the interaction terms in the world-sheet lagrangian density now
includes the fermionic sector given in eq. (B.2) in addition to the bosonic one in eq. (B.7).
The features of the fermionic interaction terms in ([8.26) that are relevant to our argument
are as follows: (1) /¥ and ¥* do not appear, (2) all the terms except Dy (U, X)oU! ”
and its counterpart in a.h. involve ¥* and/or ¥* and (3) all the bosonic operators that
appear in (B.24) are from the universal sector. Since we treat the flat part in (8.2]) exactly,
a 1V (V) appearing in the correlator (C.5) can only be contracted with a 1" (%) either
appearing in (C.) as an external operator or coming from the interaction terms in (8.24).
Therefore when M. f = MF none of the fermionic interaction terms contribute with the
possible exceptions being D;;(U, X)OU YTy’ and its counterpart in a.h.. But even these
terms do not contribute as can be argued in the following way: the bosonic sector in ([C.5)
satisfies the condition MB > MZB. Therefore whenever a term like Dy (U, X)oU!y”

appears in the correlation function it always increases the number of U-derivatives than

5By U(V)-derivative we mean an operator of the form 8™U(z) (9™V(2)) or d™U(2) (0™V ().
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that of V-derivatives. The result is zero due to the fact that in flat space this numbers
should match in order to get a non-zero result.

Let us now discuss the cases when M_f £ MF. We begin with Mf > MY, In this
case the result is zero, matching with the flat space result, simply because there are not
enough number of 1V (¢/V) operators to contract with all the 1% (3)“) operators. When
M f < MY the fermionic interaction terms could become important as the extra number of
¥ (Y*) operators can now be contracted with these terms. But since in this case we must
have M f > MZE and all the bosonic operators in the fermionic interaction terms are in
the universal sector, the result is zero, again matching with the flat space result, as there
are not enough number of V-derivatives to contract all the existing U-derivatives. This
establishes that the correlators in ([C.J) are same as that evaluated in flat background.

D. Correlators in non-constant dilaton

The analysis in the previous section does not go through when the CFT background con-
tains non-constant dilaton as in this case one needs to be more careful about how to treat
the Fradkin-Tseytlin term [R5 that couples the dilaton through the world-sheet curvature.
In this appendix we shall discuss this issue and establish eq. (B.21)). We start with the
pre-gauge-fixed path integral,

~ DX*D
Vaifxweyl
where the sigma model action is,
1 2 af ieaﬁ m v FT
S = ol d O'\/§ g GMV(X) + %BMV(X) 8aX 8BX +S s
1
SFT = E/d%\/g RP(X), (D.2)
where €’ = 1 and R appearing in the Fradkin-Tseytlin term S¥T is the world-sheet

curvature. Choosing the conformal gauge:
Gan(0) = €275y, (D.3)

and introducing the diffeomorphism ghosts one arrives at W = WWyp, where Wy, =
i DbDece5oh is the (b, ¢) ghost path integral and W = [ DX*e=5 is the matter part of our

interest. The matter action in conformal gauge turns out to be,
S = grr 4 GFT (D.4)

where SPP corresponds to the lagrangian density in (8.4). Once the condition of Weyl
invariance is satisfied by choosing the background to be on-shell the conformal factor p(o)
can, in principle, be eliminated from the path integral relevant to the computation of any

correlation function. However the effect of the Fradkin-Tseytlin term!6,

Spr = —2i / d?00,0,p®(X) = ! / d?200p®(X), (D.5)
T s

1815 the second line of (E) we have moved to the complex coordinate system: z = e,
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has to be computed with an appropriate choice of p(c). Nevertheless the final result
should be independent of this choice. Here our goal is to study the effect of this term
on a correlation function involving operators inside the universal sector in an exact pp-
wave background with nontrivial dilaton ®(u). Below we first recall what happens for the
constant dilaton and then we generalise the method to incorporate non-constant dilaton
profile of our interest.

As it is well known, for constant dilaton: ® = ¢, (D.J) can be computed explicitly by
choosing a particular coordinate system on the sphere. For example:

A \? A \?
d32:< _) dzdz:< _) dwdw ,
1+ 2z 1+ ww

1

2= (D.6)

where A is a constant determining the radius of the sphere and (z, Z) is the local coordinate
system around the in-state at 7 — —oo whereas (w,w) (w = 1/z) patches around the out-
state at 7 — oco. These coordinate systems correspond to choosing:

ww

=InA-1In(1 Z)=InA -1 ) D.7
p=1In n(l+2z)=1In n(l—i—ww) (D.7)

Converting the integration in eq. (D-F) into a line integral in (w, w)-system one gets,

ic 1

Spr = — dw—— D.8
T ji‘oo ww(l + ww)’ (D8)
where C is a circle around the point w = 0. This gives: Spr = —2¢, which is the correct

result. As expected, the result does not depend on the choice of p. This can be checked
in the following way: First add a variation dp(z,2) on the right hand side of eq. (D.7).
Finiteness of the metric at z — oo requires,

lim dp — constant . (D.9)

zZ—00

Therefore it does not contribute to the residue in eq. (D.§) leaving the result unchanged.

Let us now consider the case of non-constant dilaton ®(u) in an exact pp-wave back-
ground. In this case partially integrating the right hand side of ([D.5) and Fourier trans-
forming ®(U) to ®(k) one can write:

ST = 55§ + 557+ 3, w10
where

~ 1 _ .
Sy = —/dk ke (k) 7{@3 dzp(z,2)0Ue*Y (2, %), (D.11)
- 1 .
Sl = / dk k%)(k); / d?z p(z,2)0UdU MY (2, %)
—i / dk k@(k:)l / d?z p(z,2)00Ue™ (2, 7)
i

FT i U 5 i 1 [ o ikU =
S(?’) T jéaR dz 6p2(U) /dk (k)ﬂ ngdw w(1l 4+ ww) o™ (),
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Where I o ¢ is the conformal transformation of ¢ under inversion I(z) = 1/z. JR is the
boundary of the coordinate patch (z,z). We are interested in computing the following
correlation function:

Ay = [

D(u)
= (=N sep ((GFT FT rr\ Y
_ o= .
= NTL/DXe (SET+SEr+557) -+ (D.12)
N=0
where --- includes operators inside the universal sector. Notice that all the operators

appearing in (D.11)) are themselves inside the universal sector. Therefore using the result
of the previous appendix we conclude:

=

o
o _ (-1) FT FT FT\ ™\ flat
Vit = D M<”@m+%ﬁﬂﬂ>&m (D.13)
N=0
The operators in S?{f and Sg{ necessarily involve U-derivatives. Since such operators
can contract only with V-derivatives, which are not available in sufficient number, the

contribution of such terms drop off from the above correlator. This implies:

0 \N
V&@ZZ(QQ“@wﬂgW (D.14)
N=

[e=]

To compute this we first notice that Sgg involves a line integral along OR, which is a
collection of circles C;’s around the insertions included in --- which are at finite values of
(z,z) and a circle C, around the point z = oo (w = 0) which can also support an insertion
from ---. Since e¢*U can not be contracted with any operators in ---, contributions will
come only from Cu. It is then straightforward to establish the result (B.21) by evaluating
the necessary residues.

The fact that the final result does not depend on the choice of p follows from the
same reasoning as in the case of constant dilaton. This, however, is not as straightforward
as presented here in case of a correlation functions with non-universal operators. In that
case the contributions from S(Fg and S(Fg are not necessarily zero. Out of these two, S(Fg
is sensitive to the local variation of the Weyl factor. The second term in its expression
in (D.11]) is zero by the equation of motion: 99U = 0. This holds in the full pp-wave CFT
because of which one can always fix the light-cone gauge for such backgrounds. Moreover
90U does not contract with e?*U. This is true in flat background and does not get spoiled
in presence of the interactions given by ALPP in eq. (B.7). From the structure of the
world-sheet operator appearing in the first term in Sg{ we infer that it contributes to the
uu component of the metric beta function. In fact it corresponds to the 92® term in the
equation of motion in ([L.4). In the above analysis we have considered the Weyl dependence
of only ST and therefore this is the only contribution expected. Considering the complete
Weyl dependence one expects this contribution to go away due to the space-time equation
of motion. SFS, on the other hand, receives contributions only from the boundaries of the

punctured sphere. Such effects need to be handled with more care in a generic situation by
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considering the complete Weyl dependence including that of the insertions at the punctures.
However, such issues can be neglected for correlation functions involving only the universal

sector operators.

E. Field redefinition and gauge transformation

Here we shall first find the higher order terms in the field redefinition (f.6) given
by the second rank tensor and vector fields: fﬁy(ﬁpa,l;po,apf)), fgl,(ﬁpg,i)pg,apf)) and
f{? (ﬁpg, l;po, apﬁ) when the off-shell field configurations are restricted to the pp-wave ansatz
in eq. (). In particular, by using arguments similar to that in [[9] we shall show that
the only non-zero component is as given in eq. (7). Later we shall also discuss the gauge
symmetries of EFT and CSFT and how they are related to this field redefinition.

In order to find the f-fields appearing in eqs. ([..g) we first notice that all such fields
should necessarily be expressible in terms of the non-zero components in the background pp-
wave ansatz in ({.d), Christoffel connection and derivatives. The only non-zero components
of the Christoffel connection are [17],

r v a 2 I v
Fﬁp - Fuu’ Fu[’ 1J> Fuu’ FuJ : (El)

It turns out that a covariant u index can not be contracted [[J]. This is because the
background inverse metric (JA.7) allows contraction only with a covariant v index and a
non-zero field with a covariant v index can not be constructed in this case. It is also not
possible to construct a field without a covariant v index. Because of this and the fact that
all the f-fields are necessarily higher order in the functions appearing in (f.J) we conclude
that any non-zero f-field (1) should have at least one covariant u index, (2) should have no
covariant v index, (3) can not have a non-zero covariant v index if it is a vector. Therefore
the only nonzero f-fields are: ff}u, f];] and ffi[ Let us first consider fgu Because of
the same reasons mentioned above it must be quadratic in fields. Any higher order term
necessarily has more than two covariant u indices. Therefore the allowed expression for

h is precisely given by Ko(Aj, By, del,®) as described below eq. ([E7). Using similar
reasoning one can argue that f" and f°; can at most be linear in fields and therefore must
be zero.

We shall now discuss the gauge symmetries of the EFT and CSFT. Although the gauge
transformations are understood on the EFT side, they are not fully known on the CSFT
side. After integrating out all the massive modes the CSFT gauge transformations for the
massless fields take complicated form in general. But in our case, since we know the form
of the complete field redefinition, we shall find the relevant CSFT gauge transformations
fully. Once the expression for o(As, By, 0, ®) is computed through the CSFT computation
as indicated in section [L.9, such gauge transformations will be completely known and it
should be possible to verify them explicitly in CSFT.

We begin by discussing the gauge symmetries on the EFT side. This theory possesses
gauge invariance under the anti-symmetric tensor gauge transformation (TGT) and gen-
eral coordinate transformation (GCT). The infinitesimal form of TGT, parameterised by
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Cu(u,v,x), is given by,

Oebuy = Ol — 0,Cu,  SeGu =0, 6:D=0. (E2)

Since the only non-zero gauge invariant background flux components are Hy,y = H; J(u, )
(see egs. (B-9)), the components buvs byr and byy should at most be pure gauge with
the only remaining non-trivial components being Bul(u,x). The pure gauge components
are set to zero by using the gauge freedom corresponding to the components fv and f I
Therefore the non-trivial component of the residual gauge transformation, parameterised

by: C}fs = (6u(u,m), (o =0, = 0), is given by:
52%3,“ = 91Cy - (E.3)
The infinitesimal form of GCT, parameterised by éﬂ(u, v, x), is given by,
5gguu = auéu + 8V€u - 2fﬁu€p )
5éb,uu = uépbpu + 81/5%“,) + épapb,uu s
55D = £°0,D, (E.4)
A part of this gauge invariance is broken by the ansatz in ({.3). The non-trivial components

of the residual transformations are parameterised by: éffs = (éu(u,x),év = O,él(u)) and
can be shown to take the following form:

05 huw = 20460 + (0" K — 20, AT)r
05 hur = Or€u + 0ubr — Fy ¢y,
05 bur = —0"Bi&y, (E.5)
The residual gauge transformations in (E.J), (E.J) should leave the equations of mo-
tion ([£4) invariant. It is straightforward to see this for ([E.3). The transformation in (E.H)
implies,
52?8@1{ —2019,A;) = 95 (02 K — 2070, A1)¢x
0¢ Fry = 0" Friék
0 Hry = 0" Hyyék , (E.6)
Using these transformations one can show that, as expected, the variation of the equations

of motion in ([.4) is zero. It is straightforward to see this for the first two equations. The
variation of the left hand side of the last equation in ([L.4) gives,

. 1 1 1
Exd" |SOUK = 0,0" A = Z(Fi P + HiyHY) + =0y (VAo FValoL H )} -(B7)

By the same equation of motion, the expression inside the square bracket is dependent only
on u and therefore the result is zero.

The residual gauge invariance in (E.3), (E.§) and the field redefinition (f£.6), (E.7)

determine the form of the gauge transformations on the CSFT side. We shall now discuss
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this systematically and finally come up with certain results that need to be verified with
explicit CSFT computations, which we leave for future work. The infinitesimal gauge
transformation of the full CSFT is given by:

= Q)+ 3 g (E8)
N=3

where |A) is the ghost number one infinitesimal gauge transformation parameter and we
have absorbed a factor of s in it with respect to [[[J]. The above equation encodes the
gauge transformation of all the higher massive fields. We are, however, interested in the
transformations of the dynamical massless components only once all the massive ones have
been integrate out by using their equations of motion. Generically this procedure leads to
a complicated form of the gauge transformation for the massless fields on the CSFT side.
It was shown in [[[4] that taking,

[A) = _% 2k [iéu(k)(01a“1 +aal + \/gkucoﬂ —&u(k)(cray —aaly) | [k),
(E.9)

and interpreting C~ and §~ to be the Fourier transforms of 6 and é respectively the gauge
transformation in (E.§) reproduces the gauge transformations in (E.2), (E4) at the lin-
earised level. It means that, as expected, the complications come from the higher order
terms in ( [E.§). Therefore the general form of the relevant gauge transformations can be
written as:

Scbus = 0uGo — 0,G + AL, 6cguu =AW, 5D =AD),

Sebuwy = O0) . Seguw = 046 + 0,6, + 0, 5D =01 (E-10)

where all the higher order terms given by A’s and ©’s are linear in ¢, and &, respectively,

but can depend on the massless fields A, b, and 9, D to arbitrarily high order. The gauge

mz
transformation parameters (, and §, are same as (,, and &, in (E2), (E4) respectively at

the linearised level:
G=Cral0, ¢,=£,+09, (B.11)

where Al(f) and @ff) contain all the higher order terms. These contributions are also linear
in the gauge transformation parameters appearing in the superscripts, but can depend
on the massless fields to arbitrarily high order. However, as we shall see below, for our
off-shell pp-wave ansatz the A’s and ©’s in egs. (E.I() are at most quadratic and those in
eqs. (E.11) are at most linear in the massless fields.

Let us begin with TGT. The residual gauge transformation is parameterised by: (;** =

C:;es + A&Cres), where f;es has been given above eq. (E.J). Since Affres) has to be linear in
¢, and at least linear in the mass}ess fields, there is no way to construct this. Also the
field redefinition relating b,; and b, is trivial in this case. Therefore the first equation
in (E.10) reduces to,

0% = 01Cus  Cu=Cu - (E.12)
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However, for GCT the residual transformation parameter: £ = f;es—{—@gfres) = (&u, &0, D)5
where £ is given above eq. (E.9), can take the following form:

gu(u’ x) = éu(ua x) + Lul(u’ x)él(u) ) gv =0, 51 = é[) (E'13)

where L, is linear in A; and/or B; but may contain arbitrarily high powers of trans-
verse laplacian. This and the field redefinition ({.6), (.7) determines the residual gauge
transformation completely.

08 hyy = 200 + (0'K — 20, ANEr + KW (016, — 0l — Fr€y) + KB 07 Bre,
20, (L/¢;) — kWMo L/¢;,

0% hur = Orbu + 0uér — Fy7&5 — 01L&,

3¢ bus = 0’ Bi&y (E.14)

where K and KB are defined to be,
6ako = KA, 65Ky = KBI6B;, (E.15)

and therefore are linear in massless fields. This shows that the transformations in ([E.14)
are at most quadratic in massless fields. Therefore to verify this in CSFT one needs to
compute the right hand side of (E.§) up to at most N = 4. However, it was pointed
out in [[4] that a certain trivial symmetry of the CSFT action needs to be considered in
addition to the pure gauge transformation in (E.§) in order to realise TGT and GCT of
the EFT completely at higher order. Therefore the transformations in ([E.14) may not be
obtained entirely from (E.§). It would be interesting to understand this explicitly through
CSFT computations.
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